This paper provides a theoretically plausible model to explain the equation of exchange, deriving it from an agent's utility maximization problem and the profit maximizing behavior of a competitive firm. It shows that the marginal propensity to consume is constant, while the average propensity to consume is decreasing as income increases. Supporting the notion that consumption growth is positively related to income growth, it confirms that the marginal propensity to consume has a theoretical basis for modifying velocity, money demand and consumption, given that money demand is inversely related to the interest rate and positively related to income.
Introduction
2011 marks just over one hundred years since Irving Fisher (1911) published the now famous, "Equation of Exchange." During this span of time, many economists have built and tested models and suggested policy implications based on the use of this equation, including, among a long list of economists, and to name only a few, are Keynes (1936) ; Friedman (1956) ; Friedman and Schwartz (1963) ; Klein (1973) ; Bordo and Jonung (1981); and Siklos (1993) . In addition, standard macroeconomic textbooks and textbooks on money, banking and financial markets, typically include a few paragraphs on the equation of exchange, thereby signaling its relative importance in the study of economics.
Obviously, writing a paper on a topic that is part of the long established core of macroeconomic investigation seems to be a redundant exercise, except for the fact that the theoretical foundation for the equation of exchange was not well defined these past one hundred years. The equation of exchange is typically introduced as an accounting identity that is devoid of the underlying behavioral relationships that capture the utility maximizing behavior of the representative agent and the profit maximizing behavior of the competitive firm. Hence, the main purpose of this paper is deriving the equation of exchange using appropriate optimizing techniques.
In discussing the equation of exchange and the subject of velocity, Fisher (1911) stated that transaction velocity "is the quotient obtained by dividing the total money payments for goods in the course of a year by the average amount of money in circulation…." Specifically, velocity (V) is defined by Fisher's identity as V = (PT)/M, where P is the price of a typical transaction, and T is the number of times goods and services are exchanged for money (M) by households and business firms. In subsequent work by the Cambridge School, T was replaced by total output (Y), with P representing the price of one unit of output in the economy and with the income velocity being specified as V = (PY)/M. In addition, by multiplying both sides by M, we observe the equation of exchange MV = PY. This identity conveys the notion that the quantity of money (M) times the velocity of money (V) is equal to the value of nominal spending in the economy (PY). According to Fisher (1911) , velocity is assumed constant, when there is no financial innovation and interest rates are assumed to be fixed.
While the equation of exchange is important in explaining how the economy is structured, its limitation is that it does not appear to be derived from a microeconomic framework for both the typical agent and the competitive firm. Moreover, as an accounting identity, it precludes the use of any behavioral equations and it is a summary measure of economic activity in the economy. Besides, since the income velocity of money is defined as the speed with which money changes hands, then it is likely that the behavior of the firm and agent must be more explicitly expressed in the equation of exchange as consumption and firm behavior would change when the price level, income, money or the interest rate change in the economy.
Furthermore, since money is used to acquire goods and services that in turn impacts consumption, it is posited that the income velocity of money is positively related to the marginal propensity to consume, given that money and consumption are arguments in the utility function of the representative agent.
Of course, it could be argued that the microeconomic foundation of the equation of exchange may not have been an important concern when Fisher first proposed it in 1911; instead, the research emphasis at that time may have been aimed at understanding the linkages between aggregate demand and money markets. This is one approach used to study aggregate demand by Blanchard and Kiyotaki (1987) and Rotemberg (1987 ), with Romer (2001 adding that they should have included velocity to identify aggregate demand disturbances that are separate from money supply shifts.
The equation of exchange has also been applied by many researchers in the classical quantity theory of inflation under the assumption that the price level is proportional to the money stock, when both V and Y are fixed (Friedman, M and A. Schwartz, 1963; Dornbusch, Fisher and Startz, 2008 ).
Yet it is the agent's decision on consumption, money balances, and the supply of labor to the firm together with the firm's demand for labor and its profit maximizing output that simultaneously have an impact on income velocity. Consequently, if a more complete understanding of the relationship is to be obtained, it is argued that the equation of exchange should incorporate the behavioral relationships and interactions of households and competitive firms.
More specifically, since it is posited that the equation of exchange is rooted in the utility maximizing behavior of the agent and profit maximizing behavior of the competitive firm, a theoretically plausible model that captures these relationships is important for deriving the equation of change.
Some of the findings in this paper are that not only is the equation of exchange derived from a utility maximizing model and that velocity is constant when interest rates are fixed, but it is demonstrated that net wealth is positively related to the average propensity to consume, an outcome that supports the positive relationship between wealth and consumption. Equally important is the fact that the marginal propensity to consume modifies income velocity, money demand and consumption, even as the interest rate is inversely related to money demand. The three remaining sections of this paper are as follows: the next section presents a brief overview of the literature on money being included in utility functions; followed by a presentation of the model proposed in the paper, with concluding remarks in the last section.
Money in a Utility Function
A utility function with money included has its genesis in the work by Sidrauski (1967) . He contends that the representative agent's utility is influenced by real consumption and real money balances, adding that the utility curve is strictly concave, twice differentiable and that both real consumption and real money balances are not inferior either as a good in the case of real consumption or as a service in the case of real money balances.
Researchers who have used this approach include Blanchard and Kiyotaki (1987) ; Porterba and Rotemberg (1986); Husted and Rush (1984) ; Koenig (1990) , as have many others.
Recognizing that the opportunity cost of holding money balances is not zero as it represents a loss of income for the typical agent, it is generally accepted that holding money balances, a non-interest bearing asset, is costly, resulting in the loss of interest income (Baumol 1952; Tobin 1956 ). Yet the typical agent may still have a strong preference for holding money, because the agent may be motivated by the notion that real money balances provide liquidity services as it reduces the agent's transaction costs, while increasing the agent's utility. The cash in advance model captures this idea, where it is assumed that all goods and services must be fully paid for with money at the time of purchase (Lucas, 1980; Clower 1967) .
Holding real money balances may also be associated with saving time spent on shopping. In this regard, McCallum and Goodfriend (1989) introduce the 'shopping-time' model in an effort to motivate the demand for money, where money is assumed to be an intermediate good (Ljungqvist and Sargent, 2004; Wickens 2008) . It has also been posited that by including money in the utility function, this allows the precautionary and store of value motives to be examined (Holman 1998 ).
In the literature on money in utility functions, researchers frequently use the Cobb-Douglas function (CDF), the nested CDF, constant-elasticity-ofsubstitution (CES), and the nested CES when studying the issues associated with money and consumption (Poterba and Rotemberg 1987; Finn, Hoffman and Schlagenhauf 1990; Holman, 1998 ). An important difference, however, between the CDF and the other functional forms is that whereas, for example, the CDF imposes unitary elasticity of substitution between real balances and consumption and it displays constant risk aversion, the other functional forms provide flexibility in determining the estimated coefficients without their being an a-priori imposition, as is the case with the CDF. Holman (1998) conducts an econometric study of these functional forms in which money is included in the utility function based on a dynamic model and finds that real money balances improves the agent's utility, adding that money in utility functions cannot be rejected for most of the cases examined.
For ease of exposition, the CDF is used in this paper, instead of a more general function, such as the CES, since the focus of the paper is to present a theoretical framework for deriving the income velocity from an optimizing agent and a competitive firm. It should be pointed out, however, that the CDF is a special case of the CES when the substitution parameter in the CES is zero (Chiang 1974) .
Model
The equation of exchange is derived from considering an agent who seeks to maximize a money-in-utility function subject to an income constraint. It is assumed that the utility function (U) is increasing in real consumption (C) and real money balances (M/P), and it is twice differentiable, with P as the price level and M as nominal money. The real consumption constraint is equal to the sum of income from real wages (w/p) times the number of labor units (Ls) supplied by the household; and real interest income from net wealth (NW) 1 times the real interest rate (r/p), minus the opportunity cost of holding money--M times the real interest rate (r/p):
The profit-maximizing firm demands labor based on a production function:
where Y is real output; K is capital (fixed); and L is labor. Assuming 
The agent's utility maximizing model is therefore specified as:
with the constrained optimization problem specified as:
The necessary first order conditions for optimality are:
Substituting equation 6 into equation 7 yields:
Substitute equation 9 into equation 8 to obtain a derived money demand equation:
where real money balance is proportional to income and net-wealth and is inversely related to the interest rate. Substituting equation 10 into equation 9 yields a derived consumption function:
This result confirms that consumption is proportional to income and net-wealth; that the average propensity to consume (APC) is decreasing in income (equation 12), but increasing in net-wealth, with the marginal propensity to consume (MPC) being constant (equation 13): where Ỷ and Ċ are growth rates for income and consumption, respectively. This result implies that increases in net wealth increases economic growth, as does the growth in consumption. Finally, because saving is equal to the difference between income (Y) and consumption (C), it observed that the growth in saving (S) is specified as:
indicating that increases in net-wealth increases the growth in the saving rate.
Substituting equation 13 into equation 10 yields a money demand function that is conditioned by the magnitude of the MPC:
Similarly, substituting equation 13 into equation 11 yields a consumption function that is also conditioned by the magnitude of MPC:
Solving equation 10 for Y and multiplying both sides by P/M, yields the derived income velocity of money (V):
Alternatively, equation 19 can be written as:
The result in equation 20 confirms that the equation of exchange is a special accounting identity that is derived from the optimizing behavior of the agent and the competitive firm. Assuming that the ratio of net wealth (NW) to money (M) in equation 20 is a constant theta (θ):
and substituting equation 21 into equation 20 shows that velocity is positively related to the interest rate:
More importantly, equation 22 confirms that the marginal propensity to consume (MPC) is positively related to the income velocity of money and it confirms the Fisher idea of the existence of a constant velocity of income when the interest rate is fixed. Furthermore, it also confirms that the income velocity of money increases with increases in the interest rate.
Concluding Remarks
This paper provides a theoretically plausible model to explain the equation of exchange that is derived from the solution to an agent's utility maximization problem and the profit maximizing behavior of a competitive firm. The model proposed in the paper not only confirms this proposition, but it also indicates that the marginal propensity to consume has a theoretical basis for modifying velocity, money demand and consumption. The paper also supports the notion advanced by Fisher that the income velocity is constant when the interest is fixed. In addition, it shows that the marginal propensity to consume is constant, while the average propensity to consume is decreasing as income increases, an outcome that is consistent with the consumption function advanced by Keynes; and finally, it provides support for the notion that consumption growth is positively related to income growth.
Notes
1. Net Wealth = Total Assets -Total Liabilities. Total assets include Bonds, among other assets.
